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ABSTRACT. We study interior regularity issues for systems of elliptic equations of the type

—Au; = fi () — B asjuilug P uy [P
JF#i
set in domains © C RN, for N > 1. The paper is devoted to the derivation of C%® estimates
that are uniform in the competition parameter 5 > 0, as well as to the regularity of the limiting
free-boundary problem obtained for § — +4o0.

The main novelty of the problem under consideration resides in the non-trivial grouping of the
densities: in particular, we assume that the interaction parameters a;; are only non-negative, and
thus may vanish for specific couples (i, 7). As a main consequence, in the limit 3 — +o0, densities
do not segregate pairwise in general, but are grouped in classes which, in turn, form a mutually
disjoint partition. Moreover, with respect to the literature, we consider more general forcing
terms, sign-changing solutions, and an arbitrary p > 0. In addition, we present a regularity
theory of the emerging free-boundary, defined by the interface among different segregated groups.

These equations are very common in the study of Bose-Einstein condensates and are of key
importance for the analysis of optimal partition problems related to high order eigenvalues.
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1. INTRODUCTION

The asymptotic behaviour of solutions of competing systems in the limit of strong competition
has been object of an intense research in the last decades. A well known example is represented
by

(1.1)

—Au; + Nu; = piud — Bu; Zﬁéi aijui in Q
u; =0 on 0f)

where € is a smooth domain of R, \;, pi € R, and a;; = aj; > 0.

System naturally arises in several contexts: from physical applications, it is obtained in
the search of solitary waves for the corresponding system of Schrédinger equations, which is of
interest in nonlinear optics and in the Hartree-Fock approximation for Bose-Einstein condensates
with multiple hyperfine states, see e.g. [Il 28]. From a purely mathematical point of view,
is useful in the approximation of optimal partition problems for Laplacian eigenvalues, as well as
in the theory of harmonic maps into singular manifolds, see [5, [10] [T}, (19, 26]. A common feature
in the previous situations resides in the fact that one has to deal with different densities u; living
in a domain  and subject to diffusion (—Au;), reaction (um? — A\jug), and mutual interaction
(Bu; ot aiju?). As we shall see, in addition to the different values of \; and pu;, a crucial role
is played by the coupling parameters (3 - a;;, which describe the interaction between the densities
u; and wu;: with the previous sign convention, if 8 < 0, then u; cooperates with wu;, while if
B > 0, then u; competes with u;; moreover, the larger is ||, the stronger is the strength of the
interaction. Notice that the condition a;; = a;; reflects the symmetry of the inter-species relations
and, thoughout this paper, constitutes a crucial assumption.

It is quite easy to understand why a;; = aj; is crucial from the point of view of the existence
of solutions. Indeed, if it is fulfilled, solutions of are critical points of the functional J :
H}(Q,RF) — R, defined by

1 1
J(u) ::/Q 52 (|Vui|2 + )\iu? — 2mu?> + gZaiju?Q@ ,

i=1 i#j

where we used the vector notation u := (uq,...,uq). This variational structure has been exploited
in order to obtain several existence and multiplicity results. A complete review of these is out of
the aims of the present work; we refer for instance to the introduction of [2I] (see also the references
therein), and we only restrict ourselves to recall that under the assumption 8 > 0 system
has infinitely many solutions, obtained by minimax argument. The variational characterization
of these solutions implies energy bounds independent of 3, which in turn give uniform bounds in
the H' norm. In turn, recalling the definition of J, we obtain uniform bounds for the interaction
terms

5 [dpds<C VB Vi
Q
and, taking the limit as § — 400, we infer that, for the considered family of solutions, it results

(1.2) u;guj g =0  ae inQ,
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that is, in the limit of strong competition, different densities tend to assume disjoint supports.
This phenomenon is called phase-separation.
At this point a number of natural questions arise, such as:

() is it possible to develop a common regularity theory for the families of solutions of (1.1))
as f — 4o0?
(72) In addition to (1.2), can we say that the sequence {(u1 g, ..., ug g)} converges to a limiting
profile in some topology?
(7i7) If the answer to (i¢) is affirmative, what are the properties of the limiting profile?

As we shall see, for positive solutions of system the picture is now well understood, and
optimal results are available. The purpose of this manuscript, which can be considered as an
intermediate step between an original research paper and a survey, is the generalization of these
results in several different directions.

1.1. Review of known results. Let us now review the results which are already available for
problem ; all of them concern positive solutions. The first contributions can be ascribed to
Conti et al. [I0,[IT], where the authors proved that sequences of constrained minimizers associated
to variational problem of type with p; > 0 converge in H!(Q), as B — 400, to a segregated
configuration (actually they considered a slightly different problem, but once the existence of
solutions is settled, their asymptotic analysis works perfectly for ) The case p; < 0 has been
first studied by Chang et. al. in [8], where point-wise phase-separation is proved.

A new approach, based on the use of some Almgren-type monotonicity formulae for elliptic
systems, has been later introduced in [5], where Caffarelli and Lin have shown the C%“-convergence
of families of minimizers associated to with \; = w; = 0, and with non-homogeneous boundary
conditions. This fundamental result, which rests in an essential way on the minimality of the
solutions, has been generalized to excited states of with any A\; € R and w; € R by Noris et
al. in [I8]. To be precise, the authors proved the following;:

Theorem A. Let Q be a bounded smooth domain of RN with N < 3, let us assume that a;j = aj;,
pi € R and that {\; = \; g} is a bounded sequence. Let {ug} C H}(Q) be a family of positive
solutions of , uniformly bounded in L>=(Q). Then for every 0 < a < 1 there exists M > 0,
independent of 8 such that

Iusllgo.e @y < M-

Previously, under the same assumptions Wei and Weth [30] proved the equi-continuity of {ug} in
dimension N = 2. We recall that in [30] a very general class of systems is considered. In particular,
to our knowledge, this is the only available research paper which treats the case a;; # aj;.

It is worth to mention that the assumption “{ug} is uniformly bounded in L>°(Q)” is very
weak. Indeed, by elliptic regularity, it turns out that if we have a common energy bound of type
J(ug) < C and {\; g} is bounded, then the assumption is satisfied. Therefore, for instance in
Theorem A one can consider families of possibly excited states sharing a common energy bound.

It is also important to observe that a deep analysis of the proof of Theorem A reveals that it is
valid as it is stated also in dimension N = 4. This has been used for instance in the paper by Chen
and Zou [9], where a Brezis—Nirenberg type problem is tackled. Under the additional assumption
Aig > 0, w; <0, Theorem A works in any dimension N > 1 (we refer to Remark 3.4 in [24]).

Regarding the consequences of the uniform C%“-boundedness, we observe that this implies, up
to a subsequence, convergence to a nonnegative limit u in C%<(£2), for every 0 < a < 1. Moreover,
since \; g is bounded, we can suppose that along such sequence \; g = A; . In [18], the authors
proved the basic properties of u.



4 N. SOAVE, H. TAVARES, S. TERRACINI, AND A. ZILIO

Theorem B. In the previous setting, we have:
(1) ug — u strongly in H'(Q2), and

as B — 400, for every i # j;
(2) w; is Lipschitz continuous in Q;
(3) wyu; =0 whenever i # j (segregation between components);
(4) for eachi=1,...,d it results that

—Au; = gl — i ooli in the open set{u; > 0}.

Theorems A and B have been extended to a local formulation in [29, Theorem 2.6]: to be precise,
it is proved that if the assumption of Theorem A is satisfied in a domain Q (neither necessarily
bounded, nor smooth), then for any compact set K €  the family {ug} is uniformly bounded in
C%(K), for every 0 < a < 1. This result turns out to be extremely useful in blow-up analysis
or similar contexts, when one has to deal with sequences of functions defined on varying domains,
and hence the global estimate of Theorem A would not be applicable. Moreover, one can also
prove local estimates up to the boundary, under some regularity assumption on the domain 2
(thus recovering global results for 2 bounded and smooth).

Since each u; solves an elliptic equation in its positivity domain, by Hopf lemma the Lipschitz
continuity of u; is optimal. One could then wonder if it is possible to improve the result in [I8],
establishing uniform boundedness of {ug} in Lipschitz norm, which would be optimal. This result
has been proved recently in local form in [24]. We refer also to [3, Lemma 2.4], where the 1-
dimensional case in the interval [0, 1] is considered, and fine properties of the phase separation are
derived using the Lipschitz boundedness (H6lder bounds would not be sufficient for this purpose).
We refer to [23] for the corresponding analysis in higher dimension.

We have seen that limit profiles of solutions to are segregated configurations. It is then
natural to define the free-boundary as the nodal set T'y, := {u = 0}. The regularity of the free-
boundary has been studied in [5] under the assumptions that {ug} is a family of minimizers for J
with pu; = A; = 0; the results in [5] have been applied by the authors to the study of an optimal
partition problem involving sums of first Dirichlet eigenvalues [6]. Further informations about the
structure of the singular set has been provided in [7]. Concerning non-minimal solutions, we refer
to [25], where a very general class of functions, including all the limits coming from Theorems A
and B, is treated, and to [31], which extends the results in [7] in the setting considered in [25]. Let
us review in detail the results in [25].

Definition 1.1 (Definition 1.2 in [25]). We define G(£2) as the set of functions u = (uq,...,uq) €
H'(Q,R9)\ {0} such that:

(G1) w; are nonnegative, Lipschitz continuous on 2, and such that u;u; = 0 in § for every ¢ # j;
(G2) each component u; satisfies

—Aui = fi(m,ui) - /\/lz in D/(Q) = (CSO(Q))/,
where we suppose that there exists C' > 0 such that

fi(zr 5)

o | S€

sup sup
s€l0,1] =

for every i = 1,...,k, and M, are nonnegative Radon measures supported on T'y,.
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(G3) for every xp € Q and 0 < r < dist(xg, ) it holds
d d
2-N) / Vi =7 / (2(0,u:)* — |V, |?)
ZZ:; Br(20) ; dB, (o)

d
+ QZ/ fi(z,u)Vu; - (x — x0).

r(zo0)
We write that u € Gio.(RY) if u € G(Br(0)) for every R > 0.

Notice that (G3) is not stated as in [25], but it is not difficult to check that the two formula-
tions are equivalent. In the following regularity result, which corresponds to Theorem 1.1 in [25],
Haim(A) denotes the Hausdorff dimension of A.

Theorem C. Let u € G(Q2). Then
1. Hpim(Tu) < N —1;
2. there exists a set Ry C I'y, relatively open in I'y, such that
- f%pdzm(l—‘u \ Ru) < N - 2;'
- Ry is a collection of hypersurfaces of class C (for some 0 < a < 1), each one locally
separating two connected components of Q\ T'y.
- given xg € Ry, there exist 1,7 € {1,...,k} such that
lim |Vu;|? = lim |[Vu;|* #0,
ac—mcar T—T
where x — 9:% are limits taken from opposite sides of the hypersurface.
- whenever xg € 'y \ Ry, we have

d
Z|Vui(x)|2—>0 as x — xg.
i=1

3. Furthermore, if N = 2, then Ry consists in a locally finite collection of curves meeting
with equal angles at singular points.

In the context of phase-separation for strongly competing systems, the previous result allows to
describe the regularity properties of any limit profile, as established by Theorem 8.1 in [25].

Theorem D. Under the assumptions of Theorem A, let u be a limit of {ug} as § — +oo, and
suppose that u; £ 0 in Q for some i. Then u € G(Q). In particular, the nodal set of the limit
profile satisfies all the conclusions of Theorem C.

1.2. The problem under investigation. In this paper we aim at generalizing Theorems A, B,
C and D in a very general setting. To be precise, we have in mind to approach the following issues:

(7) all the previous results concern positive solutions but, expecially when dealing with excited

states, one would like to treat sign-changing solutions as well;

(7) we think that it can be interesting, for modelling and theoretical reasons, to replace the
nonlinear term ;u — \;u; with a general term of type f;(x,u;), possibly depending on £3;

(#47) it is natural, in general, to replace the interaction terms ulug in with a more general
power law of type u;|u; [P~ [u;|PT!, with p > 0 (which might be sublinear in u;);

(tv) assuming a;; = aj; > 0 and 8 > 0, we restrict ourselves to a purely competitive setting.
What happens if we allow some a;; to be negative, so that we have mixed cooperation and
competition, inducing segregation between groups of components?
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We mention that phase-separation in systems with non-trivial grouping has been already studied
in particular cases in [0, [19] [21]. In [5] 2I] minimal solutions are considered, while in [I9] systems
corresponding to singular perturbations of eigenvalue problems are studied.

To state our results in full generality, we introduce some notation. For an arbitrary m < d, we
say that a vector a = (aqg, ..., a,,) € N1 is an m-decomposition of d if

O=ag<a; < - <am_1 < ay = d;

given a m-decomposition a of d, we set, for h=1,...,m,
I, :={ie{l,...,d}:ap—1 <i<ap},
(1.3) Ky = {(i,4) € I? for some h = 1,...,m, with i # it

Koy := {(27]) el x I Wlthh#k}

This way, we have partitioned the set {1,...,d} into m groups I,...,I,,. We will consider the
system for u = (uy,...,uq)

d
(14) —Aui = f@g —ﬁZaijui|ui|p_1|uj|p+1 n Q, = 1,...,d.
j=1
JFi
with 8 > 0, p > 0, a;; = aj;, being a;; = 0 for (i,5) € Ky, a;; > 0 whenever (i,j) € Ky. This
basically means that the term

d
B aiguilulP~ uy [P
j=1
J#i
represents a competing term between groups of components: heuristically speaking, u; and u;
compete if ¢ € I}, and j € I} for h # k. The assumption on the nonlinear terms f; 3 depends on
the value of p.

(H) If p > 1, then f; 3 : Q@ — R, and given K € 2 there exists C' = C(K) such that
|fip(x)| < C Vi=1,...,d, z € K.

If0 <p <1, then fig: Q@ xR — R, and we suppose that given K & € there exists
C = C(K) such that

‘fi)5<x7s)|<CZ|Sj|p Vi€ Iy, (z,8) € K x RV,
JEIn
We are interested in the asymptotic behaviour, as § — 400, of families of possibly sign-changing
solutions {ug}. More precisely, the following theorem states that, locally, uniform L bounds
imply uniform C%® bounds, for every 0 < a < 1.

Theorem 1.2. Let N > 1, p > 0, a be a m-decomposition, and assume that f3 satisfies (H). Let
{ug}s be a family of solutions of (L.4), uniformly bounded in L>°(Y). Then for every ¥ € Q and
€ (0,1) there exists C = C(Q,a) > 0 such that

||u5 ||CO,L¥(Q/) < C

Notice that, due to the local nature of the result, we require neither the boundedness, nor the
regularity of 2. On the other hand, the estimates can also be up to the boundary, if we assume
moreover that ug is L* bounded in @, u = 0 on a portion of 2, and 012 is there sufficiently
smooth.
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Theorem 1.3. Under the assumptions of Theorem for every ' € RY, ifug =0 on Q' NN
and Q' NOQ is smooth, then for any « € (0,1) there exists C = C(Q, ) > 0 such that

||uﬂ||c0,a(g/mﬁ) <C.

Remark 1.4. A typical example which we have in mind is a system of type (|1.1)) with competition
between groups of components, as in [21]: this means that we consider

k
—A’Uq + >\zu7, = ui|ui|p_1 Z bij‘u]'|p+l — ﬁui|ui|p_1 Z aij|uj|p+1,
Jj=1 i
with b;; > 01if (4, j) € Ky (cooperation inside any group of components) and b;; = 01if (i, j) € K3 (so
that the relation between different groups is described by the second terms on the right hand side,
which, as already observed, stays for competition between different groups). It is straightforward

to check that with the previous conditions on b;;, assumption (H) is satisfied by
k

Fip(@,ug) = wiplus P~ D bijlug P — A .
J=1

(recall that, by assumption, {u; g} is uniformly bounded in L°).

From this theorem, we can deduce that, for any such kind of family of solutions {ug}s, there

exists a limiting profile u € CIOO’S‘ (e € (0,1)) such that, up to a subsequence,
Ui g — U strongly in HL, N CYe.
We can improve this in the following way, considering also the following assumption for f :=
limlBHJ’»oo fﬂ.
(L) fi: 2 xR —= R, and there exists C > 0 such that
i(z,s
supsupL <C Vs e 0,1V, h=1,...,m.
i€, = ZjGIh En

Theorem 1.5. Let u be a limiting vector function as before, and assume moreover that f; g — f;
in Cloc(Q x RY). Then

(1) ug — u strongly in HL (), and for every compact K € Q we have

8 /K s 5 Pz |1 = 0

as B — oo, for every (i,j) € Ko;
(2) for each h=1,...,m, and i € I},, we have

—Au; = fi(z,u) in the open set Z u? >07;
J€ln
(3) wyu; =0 whenever (i,7) € Ko (segregation between groups).
Furthermore, if £ satisfies (L), then
(4) w; is Lipschitz continuous in Q.
We now turn to the regularity issue in the emerging free boundary problem. For this purpose,

we extend Definition to groups of segregated components, each component being eventually
sign-changing.
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Definition 1.6. We define G(Q) as the set of functions u = (uy,...,uq) € H'(2,R%)\ {0} such
that:

(G1) wu; are Lipschitz continuous on €2, and such that w;u; =0 in Q for every (i,5) € Ko;
(G2) each component u; satisfies

—Au; = fi(x,u) = M; inD'(Q)=(CX(Q)),
where f satisfies (L), and M; are nonnegative Radon measures supported on I'y := {z €

Q:u=0}.
(G3) for every zp € Q and 0 < r < dist(xg, 0) it holds

d d
(2— N) Z/B V|2 = TZ/ (2(0,u:)? — [Vuil?)
i=1  Br(zo) =179

BT(IU)
+ 22/ filx,0)Vu; - (x — xo).

We write that u € Gioc(RY) if u € G(Br(0)) for every R > 0.
We have the following regularity result.

Theorem 1.7. Let u € G(Q2). Then

1. «%fiim(ru) <N-1;
2. there exists a set Ry C I'y, relatively open in I'y, such that
- <%ﬁzm(ru \ Ru) < N — 2;
- Ry is a collection of hypersurfaces of class C (for some 0 < a < 1), each one locally
separating two connected components of Q\ T'y,.
- given xg € Ry, there exist h,k € {1,...,m} such that

: 02 1 12
(1.5) lim_ D Vui’ = lim > [Vu* #0,

T2To ey, T ey

where x — x? are limits taken from opposite sides of the hypersurface.
- whenever x € T'y, \ Ry, we have

d
(1.6) Z|VU7(:Z:)|2 -0 as r — xo.
i=1
3. Furthermore, if N = 2, then Ry consists in a locally finite collection of curves meeting
with equal angles at singular points.

We remark that having sign-changing solutions adds some difficulties to the proof of the previous
theorem, since one needs to take into account the intersection of the nodal set of each individual
component with the common nodal set of all components. However, during the proof we will show
that in the neighbourhood of each regular point of I', there are always components which do not
change sign.

Theorem 1.8. Under the assumptions of Theorem (1.4, suppose furthermore that f; g — f; in
Cloc(Q x RN) with £ satisfying (L), and that the limiting profile (as 3 — o0) u is such that u; # 0
in Q for at least some i. Then u € G(Q). In particular, the common nodal set of the limiting
profile satisfies all the conclusions of Theorem [1.7
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To conclude, we observe that a couple of problems addressed and solved for family of solutions
to remains open in our general context: firstly, the proof of the uniform boundedness in the
Lipschitz space, as in [24]; secondly, the precise description of the singular set in the emerging free
boundary problem, as in [7, BI]. These will be object of future investigation.

1.3. Structure of the paper. The paper is organized as follows: in Section 2] we prove Theorems
and We follow the structure of the proof of Theorem 1.1 in [I8], but, as we shall see, we
have to face several complications which mainly arise from the fact that we have a non-trivial
grouping among the different components, and that we deal with arbitrary exponents p > 0 (thus
including sublinear terms). Section |3|is devoted to the proof of Theorem In Section {4 we
present the proofs of Theorems and This part differs substantially with respect to [5] 25],
since, as we shall see, the effect of the nontrivial grouping together with the fact that we do not
consider minimal solutions introduce several complications. In particular, a new boundary Harnack
Principle is proved in Subsection [{:1] Finally, we collect all the Liouville-type theorems that we
used in the paper in an appendix, for the reader’s convenience; although most of such results are
already known, we need also new ones to treat the case 0 < p < 1.

2. PROOF OF THE UNIFORM HOLDER BOUNDS

In this section we prove first Theorem and will assume from now on its assumptions. The
proof closely follows those of Theorem 1.1 in [I8] and of Theorem 2.6 in [29] (see also [I9, Theorem
2.11]), with the necessary modifications which come from the fact that we are considering a “non
purely competitive” setting, sign-changing solutions, and interactions with general p > 0 (in case
smaller than 1). Without loss of generality we suppose that 2 O Bs, and we aim at proving the
uniform Hoélder bound in B;. We know that

_Sup lwi,gllLoe(By) < M < +00

i=1,...,

independently on 8. Let n € C}(RY) be a radially decreasing cut-off function such that

n(x) =1 for x € By
(2.1) n(z) =0 for z € RV \ By

n(z) =2 —|z|)? forx € By \ Bs/s.
The explicit shape of 1 in By \ B/, will allow us to control the ratio n(z)/n(y) for x,y in certain
balls that are close to B3, see Remarkahead. We aim at proving that the family {nug : 5 > 0}

admits a uniform bound on the a-Hélder semi-norm, that is, there exists C' > 0, independent of
(3, such that

(2.2) sp  sup L8 @) — (ig) W)l
i=1l,..,d z#ty |z — y|@
z,y€B2

Since n =1 in By, once (2.2)) is proved, Theorem follows.
If B varies in a bounded interval, then such a uniform bound does exist by elliptic regularity.
Indeed, in such a case, since both f; g and u; g are uniformly bounded in L>°(Bs), also

d

fiplw,ug) = B aijuig

Jj=1
J#i

wi g|P " ug plP is uniformly bounded in Bs.
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Thus, we may conclude using the classical estimate [14, Theorem 9.11] and the embeddings [14]
Theorem 7.26]. Hence, let us assume by contradiction that there exists a sequence /3, — +o00 and
a corresponding sequence {u, } such that

|(yuin) () = (uin) ()]

L,:= sup sup = — 00 as n — +o0.
i=1,...,d z#y |‘T - y|
z,y€Ba

Up to a relabelling, we may assume that the supremum is achieved for 7 = 1 and at a pair of points
Tn,Yn € By and moreover, z,, # y, since, for 3, fixed, the functions u; , are smooth. As {ug} is
uniformly bounded in L*°(Bs), it is immediate to observe that |z, — y,| — 0 as n — oo, since

[(n1,)(2) = (ruan) W)l €

L, L,

2.1. Blow-up analysis. As in [24] 27] [29] the contradiction argument is based on two blow-up
sequences:

|xn - yn‘a =

Uin (Tn + Tn) (Muin) (@n + Tnz)

Lyr2 Lyre
both defined on the scaled domain (2 — x,,)/r, D (Bs — xy)/rn =: Q,. The function v,, is the
one for which the Holder quotient is normalized (see Lemma [2.2}(1) ahead), however it satisfies
a rather complicated system. On the other hand, its localized version v,,, as we will see, satisfies
a simple system related to (1.4). We will also check that both blow-up functions have (locally)
comparable L* norms and gradients (as a byproduct of Remark below), and this allows to
interchange information from one function to the other. This idea goes back to the “freezing of
the coefficients” used in the proof of the classical Schauder estimates (see for instance Section 6 in
[14]), and was firstly used in this context by K. Wang [29].

The functions v, are non-trivial in the subset (B — x,,)/r, =: Q.. Here 0 < r,, — 0 will
be conveniently chosen later. Note that {2/} converges to a limit domain ., which can be a
half-space or the entire space according to the asymptotic behaviour of the sequence
dist(0,00) = M

Tn

and  T;n(x) =

Uzn(w) = n(zn)

)

On the other hand, since ,, D By, , in the limit as n — oo it results that €2, approaches RY.
The following remark, that originates from the explicit definition of 7 in By \ Bs/2, will allow us
to compare the gradients of v; ,, and 9;,, which will be essential in the proofs of Lemma @ and
Lemma
Remark 2.1. For an arbitrary z € Ba, let r, := |z| and d, := dist(z,0B3) = 2 — r,. In light of
(2.1)), it is possible to check that
SUPp (4
sup  sup ,37”()77 < 16.
2€Bs pe(0,d,/2) B, ()N

Indeed, for any x € By \ By4 and for every p € (0,d,/2), we have By, /2(x) C Ba \ B3z, and
d\°
sup n < sup 7= (2rz+) = g(277’1)2,
By(@)  Baya(e) 2 4

and

d,\?
inf n> inf 77:(2—7“1—) =—(2—1)%
By () Ba, /2()
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On the other hand, for € B/, we have By, /o(x) C Bz/4, and

7\’ 1
sup 1 <1, and inf p> inf n> (2 - ) -
Ba, /2(x) By, /2(x) B7,4(0) 4

Basic properties of the blow-up sequences are collected in the following lemma.

Lemma 2.2. In the previous setting, it results that:
(1) the sequence {v,,} has uniformly bounded a-Hélder semi-norm in Q,, and in particular

50@) = B _ 1100 =0 (222 ) |

sup  sup o = > =
i=1,0d oy lz —yl Yn—n
z,yeq, n

for every n.
(2) vin is a solution of

(2.3) — A = G (@) = Mpvig|oinlP 1) aglojnlPTin Q,
i
where
L, \*
<o (LY
n(n)
and
2—«
n(za)ry .
Gin(e) o= I (k) =1
2—«
gun(e) = MOV g b (et o) 0 <p <L

(3) llginllL=(a,) — 0 as n — co. Moreover, if 0 <p <1

|gin(z)] < 0,(1) Z [vjnl|P for every i € Iy.
Jeln

(4) for every compact set K C RN we have

sup |v, —vp| =0 as n — 00.
K

(5) for every compact K C RN there exists C > 0 such that
Vi (2) = vin(y)|l < C+ [z —y|®

for every x,y € K andi=1,...,d; in particular {v; ,} has uniformly bounded oscillation
m any compact set.

Proof. The proof of points (1)-(2) is trivial. For (3), it is sufficient to use the definition of g, 5, and
the boundedness of {u,} in L*°(£), plus assumption (H). As far as (4) is concerned, since 7 is
globally Lipschitz continuous with constant denoted by [, and {u; ,} is uniformly bounded in K,
we have

IMrl-«

_ Ui (Tp +ThT
0(0) — (@) = 2Ty )] <
where we recall that ||w; ||z~ B,y < M for every i and n. Finally, for (5) we use point (4) and the

uniform Hélder boundedness of the sequence {v,,}. O
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Lemma 2.3. Take 0 < r,, — 0 such that

(2.4) liminf M,, > 0, lim sup [2n = ynl < 0.

n rn

Then the sequence (v, (0)) is bounded.

Remark 2.4. Although the statement is the same as Lemma 3.4 in [I8], due to the different
assumptions the proof is very different and thus we shall present it in detail.

Proof. Take R such that R > |y, —xy|/ry for every n, and assume by contradiction that |v,,(0)] —
+00. Since v, (0) = v,(0), and {v,} has uniformly bounded a—Hélder semi-norm (recall Lemma
(1)) we have

[V, (0)| < inf |v,| + (4R)®¥, hence inf |v,| — oco.
BzR B2R

Since Vn\ag/n = 0, we have Bag C ), for sufficiently large n. We observe moreover that, since we
can take R arbitrary large, this means that, in the present setting, )/, exhausts RY as n — oo,

and so necessarily
dist 0B
(2.5) dist(zs, 0B2) = foo.
T'n

Let ¢ € C°(Bag) be a nonnegative function such that ¢ = 1 in Bg. Fix h € {1,...,m} and
take i € I,. By testing the equation for v;,, in (2.3) against vi7ng02, we obtain (recall that a;; =0
for j € Ip,)

/ |V vi n[*0° +Mn/ 0P aiglog PP
Bar Bar jeIn

1
= 7/ QUi,n‘PVUi,n'VQP+/ GinVine® < 5/ [V n
B2R B2R BZR

where in the last equality we used point (3) of Lemma Summing up for i € I, we have,

whenever k # h,
M, /
Br

hence, by using at first the fact that liminf M,, > 0, and afterwards the boundedness of the
oscillation of {v; .} (see Lemma [2.2}(5)), we deduce that for every  in Bg

20 + C/ (v}, +1),
Bar

S bl Sl <€ [ Y (il 4 1)
B

i€l JjEl) 2R Ge1y,

p+1

p+1 2
(Z |vi,n(x)|> > [vjn(@)| <G (Z |Ui,n(x)> + 0

i€l Jj€el i€l
In particular, for every k # h, x € Bg, it results that

2(p+1)

2(p+1)
(2.6) (Z Ivi,n($)> > ()|

i€lp JE€Ik

<C (Zvi,n(wH) +1 (Z |Ui,n(x)|> +1],

i€l i€l
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where C' > 0 depends only on R. Evaluating this inequality at z = 0, and since |v,,(0)] — +o0
and p > 0, there exists exactly one h such that
> [vin(0)] = 400,  whereas > |v;(0)] is bounded , Vk # h.
i€l JEI}
This implies, once again by Lemma[2.2] that
inf Z [Vi | — +00, sup Z |v; | is bounded , V& # h,
Bar &= Bag !
i€l JEI

and from ([2.6) we have that actually

sup Z [vjn] =0 Vk # h.

BQR jelk
We now split the proof in two cases, and four subcases:
Case 1. p> 1.

Subcase 1.1.  h = 1, the index associated to the group with the non-constant function V1. In
this situation, let

I, = inf in|PTt —
n n inf Z |vin +00,
i€l
We recall also that supg, , |vjn| — 0 for every j & I;; for such j’s, by Kato’s inequality (see e.g.
1)
—A0jn| < 1gjn(@)] = Malvjnl? > ajilvgn”*!
kel
< gjnllLe(Br) — Klnlvjnl? in Bop.
Thus by the decay estimate [24] Lemma 2.2] we have
C .
L sup[0gal? < o up gl + suplgsl = 0n(1) Vi ¢ T
Br Br Br

In particular, for z € Bg,

My o1, > Jvjn|PT < 0 (1)

Supp, Ziell |vin |

jéh M,? infp,, > ey, [vin]@TD?/P
as (p+1)?/p > p (use also Lemma (5)) Thus, as ||ginllz=Bg) — 0, we have
(27) ||A’U1'7n ‘LOO(BR) — O

for every sufficiently large R > 0. We can now conclude this case adapting some ideas from [I8|
p-281-292]; here the situation is more delicate, because we need to take in account the presence of
the function 7. Take the new sequence wy, () := v1,5, (%) — v1,,(0). Then Lemma [2.2}(5) and
combined with Ascoli-Arzela’s theorem yields that w, — we in L7, where we is a harmonic
function defined in RY (recall that the contradiction assumption implies that €2/, approaches RY).
We claim that

e e

z,yeRY |$L' - y|a

zFyY
If this holds, we immediately have a contradiction with Lemma [A-2] in the appendix. In order
to prove the claim, we need to consider the blow-up sequence {v,}, and the auxiliary function
W, () = V1,n(x) — U1,,(0). From Lemma[2.2}(4), we have that also @, — we in LfS,. Thus, since
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we have Lemma (1)7 we are left to prove that liminf |y, — z,|/r, > 0. Let 2o be the limit of
any convergent subsequence. From 7 we have that {w,} is uniformly bounded in C7(Bg),
for every 0 < v < 1. We claim that also {|V¥1,,|} is bounded in L*°(Bg), and to prove our claim
we observe that, since by definition

_ 0Ty + 777)
U1 p(r) = ——————v10(2),
=T,y e
we have
_ n(zn + Tnl‘) TnU1 n(x)
Vi p(2) = —F—Vui () + ——=Vn(z, + 102
1,n() @) 1,n(7) ) ( )
_ n(zy +raT) ri=ug (2 + rp)
(2.8) = 777(:%) Vi n(x) + I Vn(z, + rpx)
0Ty + Tr1)

,rlfa
= 7V’U17n($) + O ( ,,[ljn > P

where we used the uniform L>-boundedness of the sequence {u,,}. Let K be a compact set of RY.

By (2.5) we have

dist(z,,, OB
sup |zn + rpx — x| = 1 C(K) < M
zeK 2

for every n sufficiently large, so that

Suppg,(z) M <

sup TEn FT) o sup <cC

cek  N(Tn) w€ By pe(0,d,/2) 0fB, ()7
see Remark [2.1] As a consequence

sup |V | < Csup |Vor,| + O(r}f‘llfl) <C
K K

n

as n — oo, that is, the sequence {|V1 5|} is locally uniformly bounded.
Now, if |y, — Zn|/rn — 0 we would have

200 ~ 010 (257 )| _ [p1n®) = (22522

Yn—Tn
Tn

Yn—Tn
Tn

a contradiction. Thus, z,, # 0, which completes the proof of this case.

Subcase 1.2. h > 1, so that there is a non-constant function U1,, which is not in the group Ij. In
this case, let

I, == M,, inf Z |vi7n|p+1 — 400,
Bag *
7,€11
— 0. Therefore by Kato’s inequality

and recall that supg, . [v1,n

—Av1 0] < lg10(@)] = MploralP > arklvea P
kgl

< grnllze(Br) — arjln|vinl? in Bag.
Once again by the decay estimate [24, Lemma 2.2] we have

I, sup vy »|P = 0,(1).
Br
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In particular, for z € Bg,

— 0.

supg. Y. I |v;. |p+1
M, |v1,5|P Z [0 P < on(1)- ; R Luigh 1700 —
igl MIByp Zigh |Uz‘,n|

Thus we obtain once again 7 and get a contradiction as before.
Case 2. 0 <p< 1.
Subcase 2.1 h = 1. Take once again
I, := M, 1nf Z Vi 0 [P — 400,
fien
and recall that, for k # 1, supp, . > ,c, [vjn] — 0, so in particular 3=, ; |vjnl? > > ),

Bsp, for large n. So, for every j € I, recalling Lemma [2.2}(3)

—Alvj | <C Z [0jn|P — KLy n|P in Bog.
JElk

Summing up in [,

ALY il | KO winl? = 51 D [l < —CLy Y [0l < =CLy > ol

J€lk J€ly J€lk J€ly J€ly

Thus, by the decay estimate [I2, Lemma 4.4], we have

sup Z |vjn] < Cre” C2vTn Vk # 1

B jel
and so
AVl < |g1n] + Maloral? D 0077 < Nlg1nllee () + 21nCre” EFHOVI 5 0
J€1

uniformly in Bg. This implies ([2.7)), which leads to a contradiction.
Subcase 2.2 h > 1. In this final case, reasoning as before,

< E |vin| < Cre~2Vin
ieh

where this time
I, =M, mf Z |v1n|p+1 — 400,
7,€11
and again (2.7) holds, as

|Avin| < |g1nl + M|y pl? Z |vj,n|p+1 <
JEI

(Br) +2[n0167p02m—)0. O

Lemma 2.5. Up to a subsequence it results that

Lo, \*
n(xn)

as n — 0.
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Proof. By contradiction, let us assume that the sequence of the thesis is bounded. We choose

; ( L )2,, —1/(2(ap+1)
Tn = n ’
n(wy)

so that M, = 1 for every n. Since the condition is satisfied, we can apply Lemma and
conclude that the sequence {v,,} is bounded at 0. Thus, by uniform Holder continuity, it converges
uniformly on compact sets of Q. to a globally a-Holder continuous function v. Furthermore, since
(M) is bounded and v; ,, is defined in €, the fact that v,, solves system implies that {v,}
is locally bounded in C%®. In particular, for every R > 0 there exists C' > 0 such that

sup sup|Vv;,| < C.
i=1,...,d Br

In case o, = RY (which happens if dist(z,,, 0B2) /r,, — +00), arguing as in the proof of Lemma
[2:3]it is possible to show that moreover vy is not constant. Without loss of generality, we assume
that v] is not constant. By uniform convergence and thanks to point (2) in Lemma m we have
that

—A’l}i = —|vi\p_1vi2aij\vj|p+1 in RN
J#i
for every i = 1,...,d. In particular
—Avf < —ay; (v;”)p(v;r p+l and —Av < —ay; (v )P (v )P
fAv;' < —ay; (U;')p(vf')’”rl —Av]_ < —ay; (v_)p(vf‘)p*l

for every j ¢ I,. By global Hélder continuity we are in position to apply Lemma deducing
that v; = 0 for every j ¢ I;. But then v; is a harmonic Holder continuous non-constant function,
a contradiction.

In case € is a half-space, than necessarily the sequence (dist(x,,, 9§2,)/ry) is bounded. In such
a situation, let us prove first that |y, — z,|/rn 4 0. If 2z, := (yn — n)/rn — 0, then

o (1) + ()

21 2mrl=o (_dist(z,, 0B n— Tn
- Ta (dist(, OBz) + dist(yn, 9Ba)) = ern (2 ist(2n, 0B2) | lyn = |>’

[2n] < |2n]® = [01,0(0) = D1 (20)] <

X
T'n Tn

which implies that
dist(2,,0B2)  dist(0,082,)
2ry, B 2

for every n sufficiently large. By Remark and the estimate ([2.§)), it results that

|zn| <

_ Ty + T
sup VU1 ] < sup M|Vvl,n| +o0,(1)
Blist(0,897,)/2 YEBaist(xpn,0B5)/(2rn) n(xn)
sup
< sup  sup TP 1 +o0,(1) < C.

2€Bs pe(0,d,/2) MEB,(2) 7
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Therefore
5 _ 5 Yn—Tn = = Yn—Tn 1—a
"Ul,n(o) V1,n ( ™ )‘ ’Ul,n(O) Vi,n ( Tn )‘ UYn — Ty
1= el =
Yn—Tn Yn —Tn Tn
Tn Tn
y T 11—« y T 11—«
_ n ~— 4n n - 4n
< sup V1 | | — <C|&=/—— — 0,
Buaise(0,091)) /2 n Tn

a contradiction which proves that z, cannot tend to 0. We infer that the limit function vy is
non-constant, and in particular |vy(0) — v1(20)| # 0 for zoo = limz,. It is easy to see that this
leads again to a contradiction, as by the assumption in and the uniform convergence of v,
on compact sets of RY (recall that 2/, tends to a hal-space, but €, C Q,, — R" and the function
v, is defined in ) we have

() 11,0 (yn )| miry,”* dist(yn, 0B3)

V1(200)| = lim |v1 5 (20, )| = lim < lim
12| = Him o ()| = Tim T B i
< lim milrk=e (dist(xm@Bg) n |z, — yn> o,
n Ln Tn Tn

where we recall that (dist(z,,0Bs)/ry,) is bounded, and m denotes the upper bound on the L>®
norm of {u,, } in Bs. With similar (actually easier) computations one can also check that |v; (0)| = 0,
reaching in this way the sought contradiction. O

Lemma 2.6. Let ), := |, — yn|. Then there exist v € CO*(RY) such that up to a subsequence

(i) vn — v uniformly on compact sets of RV ;
(i) vn, = v in HL _(RYN), and for every r >0

lim / Mn\vi7n|p+1|vj,n|p+1 =0 for every (i,7) € Ka.
B,

n—oo

Proof. First of all, we show that in the present setting €2/, — R™. Indeed, by definition and using
the Lipschitz continuity of 1 we have

L, = ‘(”“17")(“7"); )l o 8 Gt 02) + dist(ya, 0B2))

n

Equivalently,

— +00

Tn ml

dist(xy,0B2)  dist(yn, 0Bs) S Lyro—t
(B ):
as n — 0o, which proves the assertion. The rest of the proof is now an easy generalization of that
of Lemma 3.6 in [I§], and thus is only sketched.

With our choice of r,,, by Lemma we have M,, — +00, and the assumption of Lemma [2.3
are satisfied. Therefore, {v,,(0)} is a bounded sequence, which by point (5) of Lemma [2.2] implies
that v,, — v locally uniformly on R (up to a subsequence).

For point (i7), we introduce a smooth cut-off function ¢ with 0 < ¢ < 1, ¢ = 1 in B, and
¢ =0 in RY \ By,. Testing the equation for v;,, against ¢ and using the Kato’s inequality, it is
not difficult to check that

(29) / Mnaij|vi,n|pZaij\vj,nw“ < C Vi,
B Y
v J#i
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and since M,, — +oo this implies v;u; = 0 in RN whenever (i,7) € Ko (recall that Ky has been
defined in (1.3))). As a consequence

Mo [ ol o5l < Wil antuzon | Malvinllosnl?*
B, B,

0l (5, nos=0) /B M 030 g P = 0

as n — oo, for every (i,7) € Ks.

It remains to prove that v,, — v strongly in HI%)C(RN). To this aim, we test the equation for v;
against v; %, deducing that Vi nllz2(B,) is a bounded sequence. This ensures that v; , — v; in
HY(B,), and that, if necessary replacing r with a slightly smaller quantity, also IVvinllz2 0B, is

bounded. Hence, testing the equation for v; ,, against v; ,, —v;, and recalling also ([2.9), we conclude
that

lim ’/ |Vvi,n|2 — Vvi|2‘ = lim ’/ Vi - V(00 — vi)
B, B,

n— 00 n— 00
< lim ||Ui,n — 'Ui”Loo(BT) </ |81,vi7n\ + C) =0
n— oo 9B,
as n — 400, i.e. v; , — v; also in the HI(BT) norm, which completes the proof. O

Lemma 2.7. Let v be defined in Lemma[2.6, Then:
(1) vivj =0 for every (i,j) € Ko;

(#1) maxzeop, |v1(x) —v1(0)| =1;
(1) it results

—Av; =0 in Z lvj| >0
Jj€ln
for everyi € I, h=1,...,m.
(iv) v; =0 in RN for every j & Ir;
(v) the set {x € Q: v;(x) =0 for alli € Iy} is not empty, and the sets {x € Q : v;(x) # 0}
are connected for every i € I7. In particular, v; does not change sign for every i € I.

Proof. The first two points are trivial. Concerning (¢i¢), by continuity the set {Zjelh lvj] > 0} is
open. Given any point o such that >, |vj(2o)| > 0, we find a neighbourhood of z¢ where v; is
harmonic for i € I;,. By Holder continuity there exists p > 0 small enough that 3, |v;| > 2y >0
in By (o), so that by uniform convergence ., [vjn(z0)| = v in By(2o) for every n sufficiently
large. Therefore, for any ¢ € I;, and k ¢ I,

[ MafnPloalt <€ [ Mol ot 0
By (zo) jEI, By (zo)

as n — oo, for every j such that (i,5) ¢ K1. Testing the equation for v; ,, against a test function
@ € C°(B,(x0)), we obtain (recall that a;; = 0 whenever (i,7) € K1)

/ Vi - Vo = / Ginp — Mu|vin|P ™ 0in D asjlvjnlPt e
B (20) By (zo) j#i
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and, as n — 00,

/ Vu; - V(p =0,

Bp(x0)

which completes the proof.

As far as (iv) is concerned, by the previous point v; must vanish somewhere in RY (indeed, if
not, v; would be a non-constant Hélder continuous harmonic function in RY, a contradiction by
Corollary , and also v; must vanish somewhere for every j ¢ I (otherwise we would have
v; = 0 in RY, again a contradiction). This, by continuity, implies that |v;| and |v;| must have a
common zero, and thus they satisfy all the assumptions of Lemma Since v is not constant,
we deduce that

v; =0 in RY for every j & I.
To prove point (v) we argue by contradiction assuming that {v; # 0} non-trivially decomposes
into Q1 U 5. Then one of the pairs (v1|$1,1}1|$2), (01\51,v1|52), (v1|$1,v1|52) and (v1|§1,v1|$2) -

extended by 0 to the whole RY - would be non-trivial and would satisfy the assumptions of Lemma
[A7T] a contradiction. 0

2.2. Almgren monotonicity formula. As in [I8], to complete the proof Theorem [1.2f we show
that v is radially homogeneous with respect to each one of its zeros. To this aim, we state an
Almgren monotonicity formula for the elements v,, of the blow-up sequence, and we show that the
limit function v inherits such property.

We recall that v,, is a solution to . Let z¢ € Q and r > 0 such that B, (zg) € ,; we define

k
1
e H,(xg,7):= T /aB ( )vaﬁn
r{T0) j=1

k
1
o En(zo.7) :TN—Q/B( )Z|vvi,n|2+2Mn > aglvinP o0
r(z0) =1

k
prl_ Z gi,n(x>vi,n
=1

1<i<j<k
E’ﬂ I .
o Ny(xg,r):= HExOT; (Almgren frequency function).
n\Zo, T
We also set
1 k
e He(zg,7):= 7,/ v;
N1 JoB, (x0) ;
1 k
o FE(xg,7):= —— |V |2
ri =2 By (z0) ;
E
e Ny(xg,r):= Hooimoﬂ’; (Almgren frequency function).
oco\Zo, T

Parts of the proofs of the following results can be obtained by slightly modifying those of
Proposition 3.9 in [I8] (where a specific choice of the reaction terms is considered), of the results of
Section 2 in [25] (where segregated configurations are considered), or of the results in Subsection
3.1 in [24] (where the reaction term f; g(z) is replaced by f; g(z,u;)). We will only prove what
requires something new.

Since the limit function v is non-trivial and continuous, there exists 0 < r; < 75 and oy € RN
such that H(zg,r) # 0 for every r € (r1,72).
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Lemma 2.8. Let r € (r1,73). Then

d
d 2 2E, (xo,7)
Hn(I07r) = / § 'Ui,nayvi,n = )
dr rN-1 OB, (x0) = r

and

r+d 9

(/ vaa vm> +o0,(1),
BB (ajo)

where 0,(1) = 0 as n — oo, whenever § is such that r + § € (r1,72).
Proof. Being a;; = 0 for every (i, j) € K1 (see definition (1.3])), we can directly repeat the proof of
Lemma 3.3 in [24], obtaining

d

aNn(l‘OJ‘) =

2
oON_271T /.. 1\ a v i, n / U?n - / Ui,nal/vi,n
2pN
( *p%) Mn/
B (1}0

_|_

H,(zg,r)rN-1 )=

gl

n 2p M, /
(p+ D Hnp(z0,7)rV "2 JoB. (20)

1<J

1
+H()N/<) lZW i + 23 gin(#) Vi (2 —%)]

| (x)
- Gin (2)Vi .-
rN=2H,(20,7) JoB, ()

The thesis follows thanks to point (3) of Lemmaand to point (4) of Lemma having observed
that for every § > 0 the function H,(zo,-) is uniformly bounded from below in [rq + 6,72 —4]. O

The main consequences of the previous lemma are summarized in the following statement.

Proposition 2.9. For every xg € RY we have that Hoo(wg,7) # 0 for every r > 0; the function
Noo (o, ) is absolutely continuous and monotone non-decreasing, and

d 2
. log Hoo(20,7) = ;Noo(mo,r).

Moreover, if Noo(xo,7) = 7 for every r € [p1, p2], then v = r7v(0) in {p1 < r < pa}, where (r,0)
denotes a system of polar coordinates centred in xg.

Proof. The result can be proved as in steps 4, 5 and 6 of Proposition 3.9 in [I§], and thus here we
only sketch the argument.



UNIFORM HOLDER BOUNDS AND REGULARITY OF THE EMERGING FREE BOUNDARIES 21

Given zg € RN let 71 < ro be such that H.,(xg,7) # 0 in (r1,72). By Lemma we have

r+48 2
Np(xzg,7+6) — Ny (20, r :/ ON=3L (o / 8”Ui’"2 / vizn
(o ) (%0,7) . 82N=3H, (20, 5) 835(10)2( : aBs<ro>zi: ’

7

2
- / Zvi,nayvi,n + On(l)a
0B, (x0) 5

where 0,(1) — 0 as n — oo, for any r,d such that r,r + § € (r1,72). Passing to the limit in the
previous identity, we obtain

(2.10)

r+0 2
Noo(20,7 +6) — Noo(z0,7) = /T IV (wors) [(/@Bé(wo) zi:(ayvi)2> (/835(%) va)

K3

2
- / > wvidyvi | |,
0B;s(wo)

and the right hand side is nonnegative by the Cauchy-Schwarz inequality. This proves the mono-
tonicity of N (o, ).

To show that Hy(xg,7) # 0 for every r > 0, we first observe that by Lemma the function
H(z0,-) is non-decreasing in r when Hoo(xg,7) # 0. Thus, if H(zo,r) = 0 for some positive r,
it is well defined the number 0 < r¢ := inf{r > 0 : Ho(x0,7) # 0}, and Ho(29,7) > 0 for every
r > ro. On the other hand, by the monotonicity of Ny, (zo, ), we have also

2C
Do B,y = 2200 < O (.)€ Hl ) (”)
r r T 1
for every rq1,79 € (ro, 70+ 1); taking the limit as r; — r, by continuity, we infer that Hy, (7o, 72) =
0 for every 19 € (19,70 + 1), a contradiction.

It remains to prove that if Ny (zo,r) = v is constant on an interval r € (p1,p2), then the
function v is radially homogeneous. To this aim, we observe that in such case the right hand side
in is necessarily 0 for almost every r, which, by the Cauchy-Schwarz inequality, is possible
only if

(x —20) - Voo () = Mz — 20) Vo
Inserting this relation in the definition of Nuo(xg, ), we can directly compute A\(z — x¢) = v and
the thesis follows. |

2.3. Conclusion of the proof of the uniform Hoélder bounds. Using Lemma [2.7]and Propo-
sition [2.9] we can complete the proof of Theorem [T.2}

We recall that (vy,...,vq) is globally a-Hélder continuous, and, by Proposition it is possible
to choose xg such that v;(z) = 0 for every i. We claim that N (2g,7) = « for 7 > 0. Indeed, if
Noo(20,7) < a — € for some € > 0, then by monotonicity

4
dr
for every r € (0,7), which implies H(r) > Cr?(®=%) for 0 < r < 7. On the contrary, by Holder
continuity and the fact that v;(x¢) = 0 for all i we have also Hoo(zg,7) < Cr?® for all r > 0,

a contradiction for r small. Arguing in a similar way for r large it is possible to rule out the
possibility that He (2o, 7) > o + € for some 7,¢ > 0.

2(a —¢)

2
Hoo(zg,7) = ;Noo(moﬂ“) < "
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As a consequence Ny (zg,7) = «, whence thanks to Proposition we deduce that vi(x) =
r*g1(0). Therefore, the zero set I' = {vy; = 0} is a cone with respect to any of its points, i.e. is an
affine subspace of RY. Now there are two cases: either the dimension of I" is equal to N — 1, or it
is smaller than N — 1. In the former case, v is a positive harmonic a-Ho6lder continuous function
in a half-space. We extend it by odd symmetry in the all of RY, obtaining a sign-changing globally
a-Hélder continuous harmonic function in RY, in contradiction with Corollary If on the
contrary the dimension of I' is smaller than N — 1, then v; is harmonic in RY minus a set of zero
capacity, so that v; is a nonconstant nonnegative a-Holder continuous harmonic function in RY,
again a contradiction.

2.4. Uniform Ho6lder bounds at the boundary. We now consider the case of uniform Hoélder
bounds at the boundary of ©, for a smooth domain, that is, we give a proof of Theorem [[.3] We
still consider solutions ug of the system , under the same assumptions of the interior Hélder
bounds; moreover, on (a portion of) the boundary of €2, we assume that ug = 0. In particular, we
assume that ug solve

{—Aui = fip = BYg_1,, aiguilusl”Mu P i

i=1,...,d.
u; 3 =0 on 92N By

For n € CL(RY) as in (2.1), we wish to show that uniform bounds in L>°(Bs) of {ug} imply that
the function {nug} are uniformly bounded in C%®(B3) for any « € (0,1).

The proof is based on a contradiction argument, much similar to the proof that we gave for
the interior estimates. Indeed, until Lemma the two proofs coincide. At that point we
have to distinguish the possible behaviours of the scaled sets Q,, := (B2 N Q — x,,)/ry: choosing
Tn = |Zn — Ynl, in the case of interior estimate, we already knew that

dist(x,, (2 N By)) s

T'n

)

that is, the scaled domains exhausted R™; this conclusion followed by our specific choice of 7. In the
present setting, it may happen that the scaled domains converge to an half plane, as consequence
of the presence of the boundary of €2, where the functions ug assume their null Dirichlet boundary
condition. To roll out this scenario, we consider the following result.

Lemma 2.10. We have

lim min(dist(z,, 092), dist(yy,, 012)) — oo
n—00 |mn - yn‘

Proof. By contraction, if for example
dist(z,,, 0Q) <C

then there exists a sequence zg,, € RY, |2¢,| < C such that
T, + Ton|Tn — Yn| € 00 and v, (zo.,) = 0.

Let r,, = |zn, — yn|- Up to a subsequence, using Lemma (1) and -(4), we see that there exists
v € C%%(RY) such that

0,a

loe » Vn — v locally uniformly in RV,

Vp— Vv inC

Moreover, up to a translation and a rotation, we may assume that v . = 0 in the half space
{z-e; < 0}. Moreover, thanks to our choice for r,,, at least one component of v is nontrivial. With
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out loss of generality, let us assume that v; # 0. Regardless of the behaviour of M,,, by the Kato’s
inequality we see that

—Alv1| <0, |v1/ >0 and |vi] =01in {z-e; <0}

Letting wy (z) = |v1(—2(z-e;)e1)| and applying Lemma[A.1] we find the desired contradiction. [J

Let us observe that in the previous proof, we did not use the variational structure of the system.
Now that we have established that the boundary of € is far from the points x, and y,, the proof
runs as in the standard case.

3. PROPERTIES OF THE LIMIT PROFILES

We shall now improve the regularity results so far obtained for the functions in the family
{ug}p and, in particular, we aim at showing that, under a little more restrictive assumption on
the nonlinearities f; g, any limit of the family (as 8 — o0) is an element of the class G(2). In
order to verify the previous claim (and, as a consequence, Theorem , we shall prove several
intermediate results.

First, using the information that the functions {ug}g constitute a family which is uniformly
bounded in the C%®-norm, as a direct consequence of the Ascoli-Arzela’s compactness criterion,
we can show that

Lemma 3.1. Under the same assumptions of Theorem|1.4, up to a subsequence we have that there
exists a limiting configuration u € H' N C(Q) such that

ug —u strongly in H N C**(K), for all a € (0,1)

for any set K € Q). Moreover

(1) the components of u are segregated in groups, that is, w;u; =0 in Q for every (i, j) € Ka;
(2) for any K € Q, we have

B/ \ui7ﬁ|p+1\ujﬁ|p+1 —0 for every (i,7) € Ko
K

(3) forie€ I, each component u; satisfies the compatibility condition

—Au; = fi(z,u) in Z luj| >0

JEIR

Proof. Most of the details of the proof have already been encountered in the previous section: we
point out also [18, Theorem 1.4] and Lemma [2.6] for similar computations. O

Next, under an additional assumption of the nonlinearity f; g, we shall show that the variational
structure of the original system, in a sense, passes to the limit together with the functions {ug}g.
This strong property of the limiting function u is rigorously stated as the validity of the Pohozaev
identity.

Lemma 3.2. Let u be in the limit class of {ug}s. Let us assume that there exist f; € C(Q x RY),
i =1,....,k, such that fig — fi in Coc(Q x RY). Then for every zop € Q and a.e. 0 < r <
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dist(xg, Q) it holds

d
(Q_N)z;/&(mo) |V, |2 —7‘2/ 2(0,u;)* — |Vui|2)

0B, (ro)

+22/ fi(@, )V, - ( — 20).

By (z0)

Proof. In order to prove the result, it is sufficient to prove the validity of similar identities of
the original functions {ug}g, and then exploit the strong convergence properties of the family to
conclude. In particular, under the assumption of the lemma, multiplying the equation with
Vu; g+ (r —x9) and integrating by parts over B,.(zo) (we recall once again that the function ug is,
by standard regularity argument, a C'*®-solution of for every 0 < o < 1), we obtain

z:/rm)wuzﬂ| _TZ/BBT(JCO 2B} = V1)
+2Z/

(z,u)Vu;p - (x —x0) + / 5Nzaij‘ui,ﬂ|p+l‘uj,ﬁ|p+l
B, (zo) i£]

—r/ B aijluiplP g p P
OBr(z0)  zj
The conclusion now follows from Lemma [3.1}(2). O

r (900)

A deep consequence of the variational structure of the limiting system is expressed by the
Almgren’s monotonicity formula. From now on, we assume that the limiting profile u is non
trivial, since otherwise all the following results are tautologically true.

Similarly to the previous section, we define, for zg € 2 and r > 0 small,

M&

B, u,7) = NQZ / (VP e, o) = /aB o
7‘ 0 1=1 0

and, whenever it makes sense, the Almgren’s quotient by

E(IOa u, T’)

N(zg,u,r) = H(zo,w,r)

We have

Theorem 3.3. There exists C > 0 for which the following holds: for every Q € Q there ewists
7 > 0 such that for every xzo € 2 and r € (0,7] we have H(xo, (u,v),r) # 0, N(zo, (u,v),-) is
absolutely continuous function, and

d
aN(xoﬂl r) = —2Cr(N(zo,u,7) + 1).
In particular, eCTQ(N(xO,u, r) + 1) is a non decreasing function for r € (0,7] and the limit

N(zg,u,0%") :=lim,_,o+ N(zo,u,7) ezists and is finite. Also,

2
L og(H(ro,u,r) = 2N(ro,ur)  ¥re (0,7)
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Proof. One can follow exactly the proof of Theorem 2.21 in [19], observing that C' > 0 is a constant
such that

d

1

I [ ) < OB + Hizour)
i=1 By (o)

for every r > 0 small enough, z¢ € Q (compare with Lemma 2.19 in [I9]). Such inequality holds
since, for each i € Iy, by assumption (G2),

1 / & 9
— filz,u) < — / us
N Bo(z0) (z,u) rN Z 5 j

je]h T(xU)

1 1
< / Vu;|? de + / u?
o e

JEIR
by the Poincaré inequality, and hence, summing up for every ¢ € I, and for h=1,...,m,
d d
1 / Cy 1 ) 1 )
— fi(z,u) < — / [Vu;|* de + —— / ui | .
r ; B, (o) N-1 ; N2 B, (o) N JoB, (o)
Next we observe that
1 & k
N2 [Vui|? = E(zo,u,7) + / fi(@, a)u;
riN=2 E_‘I/Bu) ri=2 ; By (wo)
Thus for r small enough such that NC_211"2 < 1/2 the result follows, with C' = 130_21. |

We are now in a position to conclude with the last result of the present section: in the following
proposition, we show that any segregated H'(Q) solution which belongs to C%(£2) for any a €
(0,1) and also satisfies the Pohozaev identity, is actually more regular and belongs to Lip(2).
Proposition 3.4. Let u = (u1,...,uq) € H'(Q,R%)\ {0} be such that:

o ueC%Q) for any a € (0,1), and such that uyu; =0 in Q for every (i,7) € Ka;
e fori € Iy, each component u; satisfies the compatibility condition

—Au; = fi(z,u) in Z luj| >0,

JEIn
where there exists C > 0 such that
sup sup fz (:L’, S) < C
ich, @ |2 jer, |55l

for every s € [0, 1], for every h;
o for every xo € Q and 0 < r < dist(xg, 0Q) it holds

d d
(2—N) Z/B |V |? = TZ/ (2(0pus)? — [V, |?)
i=1  Br(zo) =179

BT(IU)

d
+22/B filz,0)Vu; - (x — o).
i=1 7 Br(wo)

Then u € Lip(Q).
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The proof is based on the simple observation that a function u € H'(Q) is locally Lipschtiz
continuous if and only if for any K &€ () there exists a constant C' > 0 and a radius 0 < 7 <
dist (K, 0f2) such that for any zo € K and 0 < r < 7 it holds

d
1
(3.1) — / |V, > < C.
r ; B, (x0)

In order to show that the previous inequality is true, we proceed with several steps in the same
way as [I8, Section 4]: we refer to that paper for the omitted details in the proofs. First, we recall
that

Fy:={x€:u=0}.

Let K € 2 be a fixed subset of  and let R = min(7, dist(K, 92)), where 7 is the radius introduced
in Theorem|3.3] Reasoning exactly as in [25, Corollaries 2.6, 2.7 and 2.8], we can show the following.

Lemma 3.5. On the previous assumptions:
e the map Q— R, z — N(z,u, 07T) is upper semi-continuous;
o the set I'y has empty interior. Moreover

lim N(z,u,r) >1 Vo € Ty;

r—0+

o there exists a constant C > 0 such that
N(z,u,r) < C Ve e K,0<r < R.
We have

Lemma 3.6. There exists a constant C > 0 such that

d

1

7"7N E / |VU1|2<C Vag € KNI'y,0 <r < R.
i=17B

r(z0)

Proof. This is a direct consequence of Theorem [3.3] and Lemma [3.5] Indeed, as the Almgren
quotient is bounded from below, we have

2 < ecrz(N(xO,u,r) +1) = N(zg,u,r) > 2707 1

and, moreover,

d H(zg,u,r) 2 4/ o2

D T wr) 2 (s (om0 1)

dr 0og r ’I"( (.’Eo,u,T') ) r €
Integrating the previous inequality in (r, R), for a generic 0 < r < R we find that there exists yet
another constant C' > 0 such that

H(zg,u,r) < CH(xo,u,R)
r2 R2

We then exploit the boundedness of the Almgren quotient, from which we obtain

E(xz,u,r)+ H(z,u,r) H(z,u,r) H(zp,u, R)
<C
2 r2 R2
Let us observe that, since u are continuous and R is a fixed positive radius, the last term of

the previous inequality is bounded uniformly from above. The conclusion now follows from an
application of Poincaré inequality, see also Theorem [3.3 ([l

forall0<r < R.

N(zg,u,r) < C = <C

r
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Conclusion of the proof of Proposition[3.] We are now in a position to conclude the uniform
boundedness of the Morrey’s quotient (| , and in turn, the Lipschitz continuity of the func-
tions u. To do so, we resort once again to a contradiction argument, and we assume that there
exists a sequence (x,,7,) so that z,, € K and r,, > 0, for which

(T, Tn) = o~ Z/ |Vau;|* — +o0.
71 ’V‘” xn)

As u € H'(Q), it is easy to see that, necessarily, r,, — 0. Let 29 = lima,,. At first, we rule out
two initial cases:

e 79 ¢ I'y. Indeed, this is the content of of Lemma [3.6] which would otherwise imply
d(xn,r) < C.
e it must be p, := dist(x,,'y) — 0. Otherwise, let p > 0 be such that p, > p. For any
fixed n, there would exists h € {1,...,m} such that for all j & I;, u; = 0, while for ¢ € I,
—Au; = fi(z,u) in Bs(z,,).

As a result, by the Calderon-Zygmund’s inequality (see [I4, Theorem 9.11]), we have the
uniform control

allw2a(s,,,) < Cq (lullzes,) + IfllLas,))

for a constant C' which is independent of z,. Recalling the assumptions on f; and the
boundedness of u, we see that in the previous estimate we can take any power 1 < ¢ < oo:
in particular, for ¢ > N, by the Sobolev’s embedding theorem the Morrey’s quotient
¢(xy,7) is bounded from above independently of 0 < r < p/2.

We can easily exclude another possible behaviour of the sequence (z,,r,). Letting Z, € T'y be
any point of the free boundary such that p,, = dist(z,,z,) = 2dist(x,, ) we have

e r,/pn — 0, that is, p,, can not be comparable with r,,. Indeed, if there exists C' > 0 such
that r, > Cp,, then

Vsl < / V| < / IV 2.
TN Z/Bw (Cpa)¥ Z Bipn (&) oY = I, )

As a consequence, we have reduced this case to the estimate from above on points of the
free boundary I'y, thus leading to a contradiction.

To conclude the proof, we can reason as in [I3, Theorem 8.3, case II] . O

4. REGULARITY OF THE FREE BOUNDARY I'y, FOR u € G(Q2)

We will divide the proof of the regularity of I'y in two subsections: in the next one, we first
present some general Boundary Harnack Principles, and then in Subsection we prove Theorem

7

4.1. Boundary Harnack Principles on NTA and Reifenberg flat domains. Let w be a
non-tangencially-accessible (NTA) domain, a notion introduced in [I5]. We start by proving a
Boundary Harnack Principle for solutions of

(4.1) —Au = a(z)u, a € L™ (w),

which will be a straightforward extension of the seminal paper of Jerison and Kenig [I5] (see also
the book by Kenig [16]).
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Lemma 4.1. Let w be an NTA domain, a € L>®(w), and xg € Ow. Then there exist Ry,C > 0
(depending only on a(x) and the NTA constants) such that for every 0 < 2r < Rg and for every
u, v solutions of (4.1) in w N Ba,(xo) with u =v =0 on dw N Ba,(xg), and u,v > 0 in w, then

u(y) _ v(x) v(y)
4.2) ) S u@ S Yl

Moreover, there exists a € (0,1) such that

Ve € wN By(xg), y € wN By(xo).

’l} e —
— is Hélder continuous of order o on w N By.(xg).
u

More precisely,

, Yo,y € wN Br(xg), z € wN By(x0).

v@) )| () |z =gl
u(z) u<y>‘<cu<z> o

Proof. Take ¢q a solution of

—Apo = a(x)po in Bag,(zo), o > 0 on Bapg, (o)
(which exists for Ry > 0 sufficiently small, depending on a(z)). Then

div (wgv (;;)) = div <<pgv (;’(})) =0 in Bag, (o)

and we can apply the classical Boundary Harnack Principle for divergence-type operators [16
Lemma 1.3.7 & Corollary 1.3.9] to u/¢g, v/@o, which provides the result. O

Now the main focus will be to prove Holder continuity up to the boundary for quotients of
solutions to two problems of type with different potentials a(x),b(z). For that, we will need
to require extra assumptions for the solutions, and assume that w is a (§, R)-Reifenberg flat domain
(see [I7], or Proposition ahead to check the definition). We shall always take § = 6(N) > 0
small so that w is also an NTA domain ([I7, Theorem 3.1]). We will show the following.

Proposition 4.2. Let w be a (0, R)-Reifenberg flat domain, a,b € L>®(w), xo € Ow and Ry > 0.
Take u,v solutions of

—Au = a(x)u, —Av="b(x)v in w N Br,(xo),
u,v >0 1 wN BRry()> u,v =0 i1 0w N Bry (o)

with w Lipschitz continuous in w N Br,(zo). Assume moreover that: given x, € Ow with x, — o
and t, — 0%, there exists p,, ¥ > 0 and e € SN~ such that

(4.3) f:g 40 asn— oo, Ve small
n
and
t t
w —y(z-e)T, w <C uniformly in each compact set.
Pn Pn

Then v/u can be continuously extended up to the boundary of w, and there exists C > 0 such that,
for r sufficiently small,

<Cr® Va € By(zp) Nw.
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The aim of the remainder of the subsection is to prove this result. The idea is to consider
suitable deformations of u so that the resulting functions are either sub or supersolutions of the
equation —Aw = b(x)w with comparable boundary data with respect to u, considering afterwards
some b(z)-harmonic extensions in view of using Lemma

We start by deforming u into a subsolution. Take € > 0, and let g : R — R be defined as

53—6

RS

Then
~A(gou) = —div(g'(u)Vu) = —¢'(w)Au — g" (u)|Vul* = a(2)g' (u)u — ¢" (w)|Vul?
= a(x) <1 + ;7 Z) u—u' "¢ Vul? = u (a(az) — |Vu2u~c + 2“(35)€u2—s>
Vul2d?(z) w*=¢  a(x) ,_.
(4.4) :u(a(x)— | |u2 ( )d2($)+2()€u ),

in w N Bpr,(x0), where we denote d(z) := dist(z, dw).

Lemma 4.3. Given xg € Ow, there exists Ry and C > 0 such that:
(i) C—l < |Vu(x)|2d2(x)

u?(x)
U(Z‘)Q_E

(ii) xlglgo @) = +o00, for every € > 0 small.

< C for every x € Br,(xo) Nw;

Proof. (i) The proof goes by contradiction. Suppose there exists r,, — 0 and z,, € B, (z9) Nw
such that
V() *d? (20)
u?(zn)
Let t,, := d(z,) — 0 and take z/, € dw such that d(x,) = |z, — z/,|. Then, by assumption, there
exists p, such that the blowup sequence
Br, (%0) — @y,

/
t
Up(x) := w, extended by 0 to —>~—~——"
Pn tn

converges (without loss of generality) to 4 = y(z - €)T, for some v > 0, e € SV ~1. Observe that

converges either to 0 or to + co.

Vu(z,) P (@) _ [V (=57

u?(@n) ug (Lt )

=1 and T”%x; — T € 0B1(0). Since, by elliptic regularity,

n

’ ’ ’
s (Tn—x, OQ—x \ _ |xTp—T,
Now dist(=*—=, =—=) = |~

the convergence u,, — 4 is C1'® in the complementary of any strip around {z e = 0}, then we have

Vuu (222 Va@R 1
n . inw/ N ‘ _2(_)| = — =y c (07—|—oo)’
2y @@ (Gon)
which is a contradiction.
(ii) Let x,, = x¢ and t,, := |2}, —x,| = d(z,,), and take the corresponding p,, given by the statement

of Proposition By defining u,, as before, one can check that there exists C' > 0 such that

U(ptn) . (W) € [L/C,C).
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Take &’ > 0 so that (4.3]) holds and let £/(2 — ) > &’. Then

2—e
2—e¢ 2—e¢
u(xn2) = u(xgzs '0? — 400 as n — 0o. O

A simple consequence of the previous lemma together with is the following:
Lemma 4.4. Given xg € Ow, there exists Ry > 0 such that
—A(gou) <b(zx)(gou), gou>0 in w N Br, (7o)
Now take the function h : RT™ — R defined by

and observe that howu > 0 and
—A(hou) = —div(h (v)Vu) = —h'(u)Au — b (u)|Vu|* = a(z)h/ (v)u — b (u)| Vul?
il o VPP @) v a(z) . hou
e e R = L ELELL

in By(zo) Nw, for sufficiently small r > 0 (again by Lemma [4.3)).
Let @, and 4, the b(x)-harmonic extensions in B, (xg) Nw of g ou and h o u respectively, that
is:

{—AuT =b(x)a, in By(zg)Nw {—Aﬂr =b(x)a, in By(zg) Nw
U, =gou on (B, (z¢) Nw)’ U =hou on (B, (z0) Nw)
By the comparison principle and the definitions of g and h, one has
u<Lgou<Lu, and u.<hou<u.
Moreover, on 9(B,(xg) N ), by using the fact that v is Lipschitz continuous,

2u?~¢
(3—¢)(2—¢)
u2—€

< hou(l +Cr?—e).
ERRCES D]

gou=hou |1+

Thus, for C' > 0 independent of r > 0,
i, < U (1+C0r*°), whence u <, <14+ Cr? ) <u(l+Cr?*),

and in particular
1< <0+0r79)  in By (o) Nw.
U

Lemma 4.5. Under the previous notations, there exist 0 < 6 < 1, 0 < a <1, C > 0, such that

v(z) vy

ur(z)  ur(y)

Proof. By applying Lemma to v and 4,, we deduce the existence of C' > 0 (independent of 7)
such that

’ < Crt=9a/s, Ve,y € wN Bays(zo).

v(€) | —yl*

B, (), By (z0).
(e o Va,y € wN By(xp), z € wN By(x0)
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Reasoning as in the proof of Lemma by choosing £ = &, € 0B, j2(x0)Nw such that dist(&, 09Q) >
is bounded. Take

re (which exists since w is Reifenberg flat) one proves that the quotient =

U (6
0 > 0 small. Then we conclude that
. . oo a/d
u;(7) . u;(y) < C/|37 Yl < 0/7' _ C/T(l—(?)oz/zs7 Va,y € wN B,as(xo). 0
ur(z)  ur(y) re e
Proof of Proposition[{.2 Using the decomposition
v_ v
u U ou
we have
v(x)  v(wo) v(x)  v(wo) ||ur(x)| | |Gr(z) tr(zo)|| v(zo)
w(@) ulwo)|  |ur(x)  ur(wo) || u(x) u(x)  u(wo) ||ur(wo)
<C«/ (1— 5)04/5(1_|_Cr2 s) +C"r 2—¢ <KIT'(1 Sa/d
for every z € QN B,.1/5(x0), and the result follows. O

4.2. Conclusion of the proof of regularity results. After having established some Boundary
Harnack Principles in the previous subsection, the proof of Theorem will mostly follow the
papers [19, 25]. In [25], the case #I, = 1 is treated, while in [I9] although the segregation is
between groups, only the case f;(z,u) = A\;u is handled. We will prove Theorem highlighting
only the strategy as well as the main differences with respect to [19] 25].

We observe that Theorem and Lemma hold, as they are stated, also for functions u €
G(€2): the proofs proceed as in the quoted statements. Moreover, by possibly increasing the number
of groups, we can assume that

(A)  For every zg € T'y, 6 > 0, there exists k # j such that Z |usl, Z luj| # 0 in Bs(zo).

iE€Ilp JjEel]
For zy € Q, let (z,), T, — xo and t,, — 07, we define the blow-up sequence u,, := (U1, . ., Udn),

as

. t 0 —

Uin(2) == M’ reQ, = Tn

H(l‘n, u, tn) tn

Observe that
_Aui,n = fi,n(xaui,n) - Mz’,n
with
tn
fi)n(x,s) = mfl(xn +tn1’, H(xn,u, tn)s)
and )
M; o (E) = M(z, + t, F).

tN—2 H(xp,u,ty,)
Reasoning as in Theorem 3.1, Corollary 3.3 and Corollary 3.5 in [I9], one proves the following.
Theorem 4.6. Within the previous framework, given z, — xo € Q and t, — 0%, there erists

with U; - u; = 0 whenever i € Iy, j € I, with h # k and measures M; € Mioe(RYN) such that, up
to a subsequence,

u, — in C* NHL (RN, V0 <o <1

loc

M =M, weakly—+ Moe(RY).
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Moreover, —At; = —M,;, the measures M; are concentrated on I'y, and it holds

d d
@5 (2-N) Z/ Vg = Z/ r(2(001)° — |[Viis?) ¥z € RN, r> 0.
i=1 " Br(z) i=17/9

B (z)

In particular, 0 € Go.(RY).
Finally, if either x, = o, or , € Ty and N(zg,u,0%) =1, then

a; =1r%g;(0), with o = N(0, @, r).
Given y € €2, from now we define the set of all possible blowup limits at y by

Jx, — x9, t, — 0 such that, for every i,

BU, = u,v) : i\Ln tn _ . «
y (w,0) Uiy = % — 1; strongly in Hlloc(RN) N CIOO’C (RN)
xn? u7 n

With the latter compactness result at hand, one can prove a gap condition of the values of
N(z0,u,0%"), and to characterise completely the blow up limits at points where N (zg,u,07).

Proposition 4.7. Let u € G() and xg € T'y. Then either
(4.6) N(zg,u,07) =1 or N(xg,u,0") > 3/2.

Moreover, if vg € T'y with N(zg,u,0%) =1 and @ € BU,,, then there evists v € SN=1, k # h and
a;, B €R fori € I, j € I, such that

u; = ai(x - V)t fori € I, u; = Bi(z-v)t forjely

Moreover, we have the following compatibility condition

Zaf: ZB?#O, so that Z|Vﬂi|2: Z |Va;[? on {z v =0}.

i€l jEI]' 1€y Jjely

Proof. (Sketch) Repeating the proof in [19, Proposition 3.7], one proves . Observe that the
fact of having nontrivial grouping combined with eventually sign-changing solutions which are not
minimisers, makes the proof more delicate than the one appearing in [5, Lemma 4.1] and [25]
Proposition 3.7].

Moreover, one sees that if N(xg,u,0") = 1 and u € BU,,, then I'y is a vector space having
dimension at most N — 1, being exactly N — 1 except in the possible case where all but one
group of components is trivial. However, this latter case is excluded by the Clean Up Lemma [19]
Proposition 3.15] combined with assumption (A). Thus the situation is as follows: 'y has exactly
two connected components let us denote them by A and B. In such a case, one shows that there
exists h # k such that

for each i € I}, either |a;] >0in A and @; =0 on JA, or 4; =0.

and
for each j € I, either |a;| >0in B and u; =0 on 0B, or u;=0.

(where we have also taken in consideration assumption ) Then all functions are first eigen-
functions on the corresponding support, and if I, = {hi,..., i}, I = {k1,...,k;j} there exists
aj, B; € R with i € I, j € I, such that

Up, = QU Uy, = Bjuk, -
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Now since 1 € Goc(RY), the new functions

U= Z a?|ﬂill |7 U= Z B22|ﬂk1|

i€l i€l

are such that (i,%) belong to Gj,.(RY) in the case d = 2 (the case of exactly two segregated
species). Thus by [25, Lemma 6.1] we have that Ty = {z -v = 0} for some v € S¥~! and
Up, = y(z-v)*, g, = y(x-v)", with v > 0. By using and reasoning exactly as in point 3.
of the proof of Theorem 3.16 in [19], we get >-,.; ai = >, 5. O

Following the literature, we now define the regular and singular sets as
Ru = {:C €ly: N(anua 0+) = 1}7
Su={z €Ty :N(z0,u,0") > 1} = {z € Ty : N(mo,u,0") > 3/2}.
We can apply the Federer’s Reduction Principle (see for instance Appendix A in [20]), proving
already part of Theorem
Theorem 4.8. For any N > 2 we have that:
1. Hgim(Tu) <N —1; B R
2. Hyim(Su) < N — 2. Moreover, if N =2, for any compact Q2 € Q the set Sy N is finite.
Proof. For the complete details, see [25, Theorem 4.5 & Remark 4.7]. ]

Moreover, the information for the blowups in BU,, with z¢o € Ry, allows us to reason as in [25]
Lemma 3.5 & Proposition 5.4], proving the following.

Proposition 4.9. Fiz zo € Ry. Then there exists Ry > 0 such that the set Br,(xo) \ I'u has
exactly two connected components Qq, s, which are (3, R)—Reifenberg flat for every small § > 0
and some R = R(8). More precisely: for every § > 0 there exists R > 0 such that whenever
z € 'y N Br(zo), 0 <7 < R there exists an hyperplane H = H, , containing x satisfying
l) dHausd<Fu N BT(LL'), HnN Br(x)) < or
ii) there exists a unitary vector v = vy, orthogonal to Hy , such that
{y+tre B (z): ye H, t 2 r} C O, {y—tveBy(x): ye H, t 2 r} C Q.

In view of proving Theorem [I.7] let us now focus in the local regularity of Ry. Fix zo in such
set. Then, from the previous proposition, we get the existence of Ry > 0, sets 1,9, and k # h

such that

Z|ui|>()in Q, Z|uj|>()in 0.

icly jely
Let 1 < hy, ki <d and 1,1 be such that Ij, = {h1,...,hy + 1 =: by} and Iy = {k,..., k1 +1 =: k;}
and define

u = (up,,. .., up,), ub = (Ukyy - Uk;)-
Let us check that in a neighbourhood of x at least one component of u* and of up, does not

change sign.

Lemma 4.10. There exists R >0, h; € {h1,..., i} and k; € {ky,...,kj} such that
either up, >0 or wup, <0 Q1NB.(x0),

and
either  wug, >0 or ug <0 QN B(x0).
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Proof. From Proposition (4.7)), we have, for any given ¢, — 0,

up, (o + trx) a0
H(x07u7tn)

for some h; € I, (the index eventually depending on {t,}). Assume without loss of generality that
u = 0.

Define by wy,, z, the %7harmonic extensions of ui and uy,, on Bsy, (20) N 24, namely:
—Aw,, = Mwn — Az, = Mzn in Bagy, (z0) N,
Uh, Uh, )
w,, = ui_, Zn = Uy, on 9(Bat, (x9) N Q).

and observe that up, = w, — 2z, in Ba:, (x9) N Q. Let Wy, Z, denote the blowups
~ n tn ~ n tn . Q -
@y = @0t tn®) s E@ot D) e ed i By(0) N <1two)
Pn Pn n

At the limit, we find a harmonic equation in a half sphere (since €; is a Reifenberg flat domain),
and the boundary data converges to w and 0 respectively. Hence we have

Wy — 4 =0, Zn — 0.

Thus there exists § € 9B /2(0) N (Qlt;“”O) such that

Zn (:CO + tny) _ En(g) 1
~ == <=
W, (LL'() + tny) Wn (y) c
for n large, where C' is the constant appearing in (4.2). Then by this very same lemma applied to
Zn, Wn, We have

Zn(x0+tnx) <Cin(?7_) <1 v.'I/'EBl(())ﬂ(Q_:I;O),
wy (o + ) Wy (g) n

and so up, = w, —2z, > 0in By, (29) N for sufficiently large n. The proof for uy, is analogous. O
Assume, without loss of generality, that up, > 0 in 24 and ug, > 0 in Qo.
Lemma 4.11. There exists C > 0 such that, for r sufficiently small

Un,4i(T)  un, +i(To)
Uh, (ﬁ) Uh, (LU())

<Cr® Vo € Br(xg)NQy, i =2,...,1

and
Uy +5(T) Uy +i(To0)
Uy (I) Uk, (:CO)

—~

< Cr® Vo € Br(z9) NQa, j=2,...,1.

Proof. We prove that, given z,, € Ry with z, — 29 € Ry, and t,, — 0T,
(1) For every € > 0 small,

H " atn
% 40 asn— oo
(2) we have

Up, (Tp + )

0 as n — oo;
H(zn,u,ty) 7
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The first point is a consequence of N(z’,u,07) = 1 for 2/ € Ry. In fact, for every ¢ > 0 small
there exists 7 > 0 such that for r <7

N(z',u,r) <1+4¢€ z' € Bs(xg) NTy.
Thus we deduce from Theorem [3.3] that, for some C > 0,

H(zp,u,ty,)
C< 20+e)
As for the second point, take U(x) := >, |ui|, which satisfies —AU < AU in Q;. Observe
that
U n tn
H(zp,u,ty,)
Thus we can reason as in the proof of Lemmal[4.4 and conclude that for some Ry > 0 small enough,
“A(gol) < — ‘ w (goU) in Q4 N Br, (zo).
hl 0o
For sufficiently small » > 0, let us define U, as the wfharmonic extension of g o U in
1
B, (zg) N Oy, namely

fhl (z,u)

Uhl

—AU, = U, in B.(xg)NQy,  U.=golU >0on d(B.(xg) NQ).

By the comparison principle, for r > 0 small,

UggoUéUT inBr(xO)ﬁQl.
Thus, by Lemma we have that, for any y € B, /2(w0) N Q; fixed,

Ol = C—lufh (y) < U~h1 ('r) V= BT/Q(IO) mﬁl

Urly) ~ Un(x)
Thus we obtain the sought lower bound

Up,y (T, + trx) e U(zp + thz) 40
H(xn’u’ tn) H(mn7u7 tn)

Now if up, 4, is signed, we apply directly Proposition If instead changes sign, we apply this
fny+i)
uh11+i

small r > 0. O

proposition to the —~harmonic extensions of u;fl y;andu,  on B, (20) Ny, for sufficiently

Theorem 4.12. The map

u"(2)| = ot (@) = Y ude)— D wi)

i€l JEIx

1s differentiable at each xg € Ry with
V([u"| = u*[)(z0) =: v(z0) # 0

where xo + v(zg) is a—Hélder continuous. In particular, Ry is locally a C1®~hypersurface, for
some a € (0,1).
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Proof. (Sketch) 1. For z € Qq, let

h
ey = 2@ (un (@), um (@)
(z) [uh ()] \/u,zh(x) —|—...—|—u,2h+l(m)

and, for x € Qo,

uf(z (ug, (), .. uy,  (x))
Uk(l') _ ( ) _ k141 )
[uk(z)| \/“%1 () + ...+ uil+l~(:1c)

Since we can rewrite

1, Wt Uhq +1 1 Ukq +1 Uiy +7
U = bouny } Uny ur = Tuky Uiy

L () +(m)2’ L () g ()
- e s - e o
then, applying Lemma we deduce that

" (z) —U"(x0)| < Or®,  UF(z) —UF (o) < Cr® Vz € B,(xg), r small.

2. Let us consider

u? (z) = UM () - u' () for z € Q, uﬁo(:c) = Uk () - uF(z) for 2 € o,

o
which satisfy
—AuZO = Z uzh(xO)fl(xv u) - M:}pLoa _Auio = Z Z/[Jh(.’l,‘o)fj(l', ll) - MI;O
i€ly JEIx
in B (x¢), where M"
as the solution of

{_Awﬂcoﬂ” = Zielh Uf(xo)f,(x,u) - Zje[k Z/ljh(xo)fj(x, u) in BT('TO)

Yagr = u’;o — uﬁo on 9B,.(x0)

Mﬁo are nonnegative Radon measures concentrated on I'y,. Taking 1z, »

and reasoning exactly as in [I9, Proposition 3.24 & Lemma 3.26], we obtain the existence of
V(-IO) = }E}% v"/}zo,r(xO) 7& 0

and, moreover, the function v : Ty — R™, zq — v(z0) is Holder continuous. Then Theorem 3.27
in [I9] provides the final conclusion. O

Conclusion of the proof of Theorem[1.7, Taking in consideration Theorem and Theorem [4.12
we see that the only thing left to prove are conditions and .

With respect to the first one, we fix xy € Ry. Let su observe first of all that, given x € 2; and
d(z) :=d(z,Ty),

(uhl(w) Uh1+z(w)>

d@) T d(@) du"(z0)

e \/(uZigﬁf))Q T (%@”)Q 7 T a,un (o)

as r — Ig.

Thus

1/2 —1/2
\Y (Z uf(x)) = Z u; Vg (x) (Z uf(z)) — |Vu" (z0)| as T — Zo.

i€lp i€lp i€l
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Likewise, we can show that
1/2

VI ui) — [Vu” (zo)| as T — o,
J€Ik
whence (1.5)) is a direct consequence of the fact that [u"| — [u*| is differentiable at z.
As for (1.6)), given xy € Sy, combining the fact that N(z,u,0%) > 3/2 for every z € S,, with
Theorem [3.3] yields
H(z,u,07) <Cr? Va € Su N Bs(xp)

(for C independent from x). Using Theorem and the assumptions on f;, it is straightforward

to show that
1

—N/ |[Vu|> < COr Va € Sy N Bs(xg), 7 <7
™ JB.(z)

which allows to arrive at the desired conclusion. O

APPENDIX A. LIOUVILLE-TYPE THEOREMS

In this appendix we collect all the necessary Liouville theorems that are needed along the paper.
Almost all of them had already been proven in previous papers, and for those we give the precise
references.

Lemma A.1. Let u,v € H}

loc

(RN) N C(RN) be nonnegative functions satisfying u-v =0 and

—Au <0, —-Av<0 in RV,
If
sup 7|u(£c) —uy)l < oo and sup 7‘1)(@ — ()] < 00,
z,yERN |l‘ - y‘a z,yERN ‘SL‘ - y|a
T#£Y TAY
then either u =0 or v = 0.
Proof. See Proposition 2.2 in [I§]. O

Corollary A.2. Let u be a harmonic function in RN such that, for some a € (0,1), there holds

wp 1D ]
z,yeRN |l‘ - y|

zFy

Then u is constant.

Lemma A.3. Let u,v € H} _(RY) N C(RYN) be nonnegative solutions of the systems

—Au < —kuP p+1
(A1) LS inRY,
—Av < —koPuPt
with k >0 and p > 0. If
wp @ =uwl ) =)
z,yERN |$ - y‘a z,yERN "T - y|a
zFy zFy

then either u =0 orv=0.
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Proof. For p > 1, this result is a particular case of Corollary 1.14-(ii) of [22]. Here we present a
proof that covers all p > 0. Initially, we will follow closely the proofs [I8, Lemma 2.5 & Proposition
2.6] and [22] Section 5], to which we refer for the complete details. However, at a certain point we
will need an extra argument to conclude the case p < 1.

Let us assume by contradiction that both u,v # 0. Since w and v are subharmonic, then we
have

1 1
(A.2) — / u?, — / v >8>0 for r large
" JaB, " JaB,

Step 1. We define the function

“~N—2 if’l">0,

T

2-N 2, N
sere+ 5 ifr<1
{73

which is C! and superharmonic in RY. For each r > 0, let 1, be the cutoff function such that
0<n <1, |Vn| <C/r,n.=1in B,, n, =0 in RN \ By,. By multiplying the first inequality in
(A1) by n?f(|z|)u, and using also the uniform Holder bounds, we deduce that

/ F2D(IVul* +uP* ot < Cr2e
B

for large r > 0 (cf. with [I8, p. 276]). Performing an analogue reasoning for the second inequality,
we finally conclude that

/ F(lz)(|Vul* + uP TPty . / f(z)(|Vo]? + uPToP ) < Cr'® for large r > 0.
B, B,
Step 2. Fix € > 0 so that 4o < 4 — . We will prove that

: / FaD(IVul + P torth) - / F(2))( Vo[ + urtlorth)
B, B,

7/.478

J(r):=

is increasing for r large, which contradicts the conclusion of the previous step.
Using f(]z|)u and f(|z|)v as test functions in (A.1]), we can deduce (compare with [I8, p. 275])

J) S A-e  20) | 2(he(r)

J(r) ~ r r r ’
where v(z) := /(N —2)/2)2 + z — (N — 2)/2, and
+1, p+1 +1 p+1
Al(T) _ f831(|v9u(r)|2 + r2u1(97,) U](DT) ) AQ(T) _ f831(|v911(r)|2 + 7’2ufr) ’UZ,) )
faBl u%r) f@Bl u%r)

for u(,y(0) = u(rd), vy (0) = v(rd). We recall from [2, p. 441] that
Y(A1(4)) +7(X2(B)) = 2
for every partition of the sphere SV ! in two open sets A, B (here \;(E) denotes the first Dirichlet

eigenvalue on E C SV~1). We claim that

A ) +1(Ae(r) > 15,

which ends this proof. Suppose, in view of a contradiction, that for some r,, — oo,
4—¢

(A.3) V(A1 (rn)) +v(A2(ry)) < 5
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Then, in particular, both A;(r,) and As(r,) are bounded, and
2 p+1 p+1 2
Tn/ U V() S <C u rn) C Vir,)-
OB, OB, OB,
By multiplying these two inequalities, we deduce that

+1 +1 +1 +1
T?L/ wlr Vi) < Cllu tollz@sollvr l2om,) < C'luf,, |7 aBl)H'U 17365,

where the last inequality comes from (A.2)). As a consequence, recalling also (A.3)), the normalised
functions
_— U(r,) —_— U(ry)

, Oy = 7 —
[ 2201 [0l L2 08))
are uniformly bounded in H(0B;), and

r,%/ abtortt < C.
831

Thus, up to a subsequence, @, — i, ¥, — 9 weakly in H*(0B;), with @ -9 = 0. This, in turn,
gives:

9s ¢ lim inf y(A1(rn)) +7(A2(rn)) = v(({@ > 0})) + (M ({2 > 0})) = 2,

a contradiction. O

REFERENCES

[1] N. Akhmediev and A. Ankiewicz. Partially coherent solitons on a finite background. Phys. Rev. Lett., 82:2661,
1999.

[2] H. W. Alt, L. A. Caffarelli, and A. Friedman. Variational problems with two phases and their free boundaries.
Trans. Amer. Math. Soc., 282(2):431-461, 1984.

[3] H. Berestycki, T.-C. Lin, J. Wei, and C. Zhao. On Phase-Separation Models: Asymptotics and Qualitative
Properties. Arch. Ration. Mech. Anal., 208(1):163-200, 2013.

[4] H. Brezis. Semilinear equations in RY without condition at infinity. Appl. Math. Optim., 12(3):271-282, 1984.

[5] L. Caffarelli and F.-H. Lin. Singularly perturbed elliptic systems and multi-valued harmonic functions with free
boundaries. J. Amer. Math. Soc., 21(3):847-862, 2008.

[6] L. A. Caffarelli and F. H. Lin. An optimal partition problem for eigenvalues. J. Sci. Comput., 31(1-2):5-18,
2007.

[7] L. A. Caffarelli and F. H. Lin. Analysis on the junctions of domain walls. Discrete Contin. Dyn. Syst., 28(3):915—
929, 2010.

[8] S.-M. Chang, C.-S. Lin, T.-C. Lin, and W.-W. Lin. Segregated nodal domains of two-dimensional multispecies
Bose-Einstein condensates. Phys. D, 196(3-4):341-361, 2004.

[9] Z. Chen and W. Zou. Positive least energy solutions and phase separation for coupled Schrédinger equations
with critical exponent. Arch. Ration. Mech. Anal., 205(2):515-551, 2012.

[10] M. Conti, S. Terracini, and G. Verzini. Nehari’s problem and competing species systems. Ann. Inst. H. Poincaré
Anal. Non Linéaire, 19(6):871-888, 2002.

[11] M. Conti, S. Terracini, and G. Verzini. An optimal partition problem related to nonlinear eigenvalues. J. Funct.
Anal., 198(1):160-196, 2003.

[12] M. Conti, S. Terracini, and G. Verzini. Asymptotic estimates for the spatial segregation of competitive systems.
Adv. Math., 195(2):524-560, 2005.

[13] M. Conti, S. Terracini, and G. Verzini. A variational problem for the spatial segregation of reaction-diffusion
systems. Indiana Univ. Math. J., 54(3):779-815, 2005.

[14] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order, volume 224
of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, second edition, 1983.

[15] D. S. Jerison and C. E. Kenig. Boundary behavior of harmonic functions in nontangentially accessible domains.
Adv. in Math., 46(1):80-147, 1982.



40

N. SOAVE, H. TAVARES, S. TERRACINI, AND A. ZILIO

[16] C. E. Kenig. Harmonic analysis techniques for second order elliptic boundary value problems, volume 83 of

CBMS Regional Conference Series in Mathematics. Published for the Conference Board of the Mathematical
Sciences, Washington, DC; by the American Mathematical Society, Providence, RI, 1994.

[17] C. E. Kenig and T. Toro. Harmonic measure on locally flat domains. Duke Math. J., 87(3):509-551, 1997.
[18] B. Noris, H. Tavares, S. Terracini, and G. Verzini. Uniform Hoélder bounds for nonlinear Schrodinger systems

with strong competition. Comm. Pure Appl. Math., 63(3):267-302, 2010.

[19] M. Ramos, H. Tavares, and S. Terracini. Existence and regularity of solutions to optimal partitions problems

involving laplacian eigenvalues. preprint 2014.

[20] L. Simon. Lectures on geometric measure theory, volume 3 of Proceedings of the Centre for Mathematical

Analysis, Australian National University. Australian National University, Centre for Mathematical Analysis,
Canberra, 1983.

[21] N. Soave. On existence and phase separation of solitary waves for nonlinear Schréodinger systems modelling

simultaneous cooperation and competition. Calc. Var. Partial Differential Equations, 53(3-4):689-718, 2015.

[22] N. Soave and S. Terracini. Liouville theorems and 1-dimensional symmetry for solutions of an elliptic system

modelling phase separation. Adv. Math., 279:29-66, 2015.

[23] N. Soave and A. Zilio. On phase separation in systems of coupled elliptic equations: asymptotic analysis,

geometric aspects and entire solutions. In preparation.

[24] N. Soave and A. Zilio. Uniform bounds for strongly competing systems: the optimal Lipschitz case. Arch.

Ration. Mech. Anal., in press. DOI: 10.1007/s00205-015-0867-9.

[25] H. Tavares and S. Terracini. Regularity of the nodal set of segregated critical configurations under a weak

reflection law. Cale. Var. Partial Differential Equations, 45(3-4):273-317, 2012.

[26] H. Tavares and S. Terracini. Sign-changing solutions of competition-diffusion elliptic systems and optimal

partition problems. Ann. Inst. H. Poincaré Anal. Non Linéaire, 29(2):279-300, 2012.

[27] S. Terracini, G. Verzini, and A. Zilio. Uniform Holder bounds for strongly competing systems involving the

square root of the laplacian. Preprint arXiv:1211.6087, to appear on JEMS.

[28] E. Timmermans. Phase separation of Bose-Einstein condensates. Phys. Rev. Lett., 81:5718-5721, Dec 1998.
[29] K. Wang. On the De Giorgi type conjecture for an elliptic system modeling phase separation. Comm. Partial

Differential Equations, 39(4):696-739, 2014.

[30] J. Wei and T. Weth. Asymptotic behaviour of solutions of planar elliptic systems with strong competition.

Nonlinearity, 21(2):305-317, 2008.

[31] S. Zhang and Z. Liu. Singularities of the nodal set of segregated configurations. Calculus of Variations and

Partial Differential Equations, pages 1-21, 2015.

NICOLA SOAVE

MATHEMATISCHES INSTITUT,

JUsTUS-LIEBIG-UNIVERSITAT GIESSEN,

ARNDTSTRASSE 2, 35392 GIESSEN, GERMANY

E-mail address: nicola.soave@gmail.com; nicola.soave@math.uni-giessen.de

Huco TAVARES

CENTER FOR MATHEMATICAL ANALYSIS, GEOMETRY AND DYNAMICAL SYSTEMS
MATHEMATICS DEPARTMENT

INSTITUTO SUPERIOR TECNICO, UNIVERSIDADE DE LISBOA

Av. Rovisco Pals, 1049-001 LisBOA, PORTUGAL

E-mail address: htavares@math.ist.utl.pt

SUSANNA TERRACINI

DIPARTIMENTO DI MATEMATICA “GIUSEPPE PEANO”,
UNIVERSITA DI TORINO,

ViAa CARLO ALBERTO, 10, 10123 ToORINO, ITALY
E-mail address: susanna.terracini@unito.it

ALESSANDRO ZILIO

CENTRE D’ANALYSE ET DE MATHEMATIQUE SOCIALES

EcoLE DES HAUTES ETUDES EN SCIENCES SOCIALES

190-198 AVENUE DE FRANCE, 75244, PAris CEDEX 13, FRANCE
E-mail address: azilio@ehess.fr, alessandro.zilio@polimi.it



	1. Introduction
	1.1. Review of known results
	1.2. The problem under investigation
	1.3. Structure of the paper

	2. Proof of the uniform Hölder bounds
	2.1. Blow-up analysis
	2.2. Almgren monotonicity formula
	2.3. Conclusion of the proof of the uniform Hölder bounds
	2.4. Uniform Hölder bounds at the boundary

	3. Properties of the limit profiles
	4. Regularity of the free boundary u for uG()
	4.1. Boundary Harnack Principles on NTA and Reifenberg flat domains
	4.2. Conclusion of the proof of regularity results

	Appendix A. Liouville-type theorems
	References

